In this paper, we investigate the existence of solutions on unbounded domain to a hyperbolic differential inclusion in Banach spaces. We shall rely on a fixed point theorem due to Ma which is an extension to multivalued between locally convex topological spaces of Schaefer's theorem.
Introduction
This note deals with the existence of solutions defined on unbounded domain to the following hyperbolic differential inclusion (Darboux problem):
∂x∂y ∈ F (x, y, u(x, y)), (x, y) ∈ J × J = [0, ∞) × [0, ∞) (1) u(x, 0) = f (x), u(0, y) = g(y), (2) where F : J × J × E −→ 2 E is a multivalued map with nonempty compact and convex values, f, g : J → E and (E, | · |) a Banach space.
The single and multivalued finite dimensional versions of the problem (1) -(2) on compact domains were considered by DeBlasi and Myjak [9] , [10] who established the topological regularity of the solutions set. Kubiaczyk [16] considered on a compact domain the single-valued infinite dimensional version of the problem, where a Kneser-type theorem was proved for the solutions set. Using a compactness type condition, involving the measure of noncompactness, Papageorgiou gives in [20] existence results on compact domains for the problem (1) - (2) . Recent results on compact domains for hyperbolic differential equations and inclusions can be found in the papers of Dawidowski and Kubiaczyk [6] , [7] , [8] and Kubiaczyk and Mostafa [17] .
In this note, we shall give an existence result on unbounded domain for the problem (1) - (2) . The method we are going to use is to reduce the existence of solutions to problem (1) -(2) to the search for fixed points of a suitable multivalued map on the Fréchet space C(J × J, E). In order to prove the existence of fixed points, we shall rely on a fixed point theorem of Ma [19] , which is an extension of Schaefer's theorem [21] to multivalued maps between locally convex topological spaces.
Preliminaries
In this section, we introduce notations, definitions, and preliminary facts from multivalued analysis which are used throughout the paper. In the sequel, we will note
C(J , E) is the linear metric Fréchet space of continuous functions from J into E with the metric (see Dugundji and Granas [12] , Corduneanu [5] )
where 
The convergence in C(J , E) is the uniform convergence on compacts, i.e.
is a bounded set if and only if there exists a positive function ϕ ∈ C(J , IR) such that 
In the following, CC(X) denotes the set of all nonempty compact and convex subsets of X. A multivalued map G : J −→ CC(E) is said to be measurable if, for each w ∈ E the function Y : J −→ IR, defined by
(ii) u −→ F (x, y, u) is upper semicontinuous for almost all (x, y) ∈ J ; 8 M. Benchohra and S.K. Ntouyas
For more details on multivalued maps see Deimling [11] , Górniewicz [13] and Hu and Papageorgiou [15] .
We will need the following hypotheses:
is an L 1 -Carathéodory multivalued map and for each fixed u ∈ C(J , E) the set
for almost all (x, y) ∈ J and all u ∈ C(J , E); 
Remark 2.1. (i) If dimE < ∞ and J is compact, then for each u ∈ C(J , E) the set S F,u is nonempty (see Lasota and Opial [18] ).
(
ii) If dimE = ∞ then S F,u is nonempty if and only if the function
is measurable (see Hu and Papageorgiou [15] ).
Definition 2.2. By a solution to (1) - (2) we mean a function u(·, ·) ∈ C(J , E) such that there exists v ∈ L 1 (J , E) for which we have s) ) a.e. on J .
Our considerations are based on the following lemmas.
Lemma 2.1 [18] . Let F be a multivalued map, satisfying (H1) and let Γ be a linear continuous mapping from 
is bounded, then N has a fixed point.
Main result
Now, we are able to state and prove our main theorem. 
Transform the problem into a fixed point problem. Consider the multivalued map, N : C(J , E) −→ 2 C(J ,E) , defined by:
E) : v(t, s) ∈ F (t, s, u(t, s)) for a.e. (t, s) ∈ J .

Remark 3.1. It is clear that the fixed points of N are solutions to (1) -(2).
We shall show that N satisfies the assumptions of Lemma 2.3. The proof will be given in several steps.
Step 1. N (u) is convex for each u ∈ C(J , E).
Indeed, if h 1 , h 2 belong to N (u), then there exist v 1 , v 2 ∈ S F,u such that for each (x, y) ∈ J we have
Let 0 ≤ α ≤ 1. Then, for each (x, y) ∈ J , we have
Since S F,u is convex (because F has convex values) then
Step 2. N is bounded on bounded sets of C(J , E). Then
Step 3. For each q ∈ IN, N (U q ) is equicontinuous for U q ∈ C(J , E).
Thus we obtain
As (x 2 , y 2 ) −→ (x 1 , y 1 ) the right-hand side of the above inequality tends to zero. As a consequence of Step 2, Step 3 and (H4) together with the metric of the Fréchet space we can conclude that N (U q ) is relatively compact in C(J , E).
Step 4. N has a closed graph.
Let u n −→ u * , h n ∈ N (u n ), and h n −→ h * . We shall prove that h * ∈ N (u * ). h n ∈ N (u n ) means that there exists v n ∈ S F,u n such that
We have to prove that there exists v * ∈ S F,u * such that
The idea is then to use the facts that
If Γ • S F is a closed graph operator, we would be done. But we do not know whether Γ•S F is a closed graph operator. So, we cut the functions y n , h n , v n and we consider them defined on the compact [k,
Then, using Lemma 2.1, in this case we are able to affirm that (3) is true on the compact [k,
At this point we can paste the functions v k * obtaining the selection v * defined by
We obtain then that v * is an L 1 -selection and (3) will be satisfied.
We give now the details. By hypothesis we have that
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Now, we consider for all k ∈ IN ∪ {0}, the mapping
Also, we consider the linear continuous operators
Moreover, we have that
Since u n −→ u * , it follows from Lemma 2.1 that
Step 5. The set
is bounded.
Let u ∈ Ω. Then λu ∈ N (u) for some λ > 1. Thus there exists v ∈ S F,u such that
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This implies by (H2) that for each (x, y) ∈ J we have
As a consequence of Lemma 2.2 we obtain
where z is the unique solution on J m to the integral equation
This shows that Ω is bounded. Set X := C(J , E). As a consequence of Lemma 2.3 we deduce that N has a fixed point which is a solution to (1) -(2) on J . 
Nonlocal hyperbolic problem
In this section, we indicate some generalizations of the problem (1) - (2) . By using the same method as in Theorem 3.1 (with obvious modifications), we can prove existence results for the following nonlocal hyperbolic problem By a solution to the nonlocal problem (5) - (7) we mean a function u(·, ·) ∈ C(J , E) such that there exists v ∈ L 1 (J , E) for which we have For results on nonlocal problems the interested reader is referred to [1] , [2] , [3] , [4] and the references cited therein. (7) has at least one solution on J .
